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ABSTRACT 

We revisit the quantum Hall system with no Zeeman splitting energy using 
the noncommutative field theory. We analyze the BPS condition for the delta- 
function interaction near the filling factor v — 1. Mult i- skyrmions are shown to 
saturate the BPS bounds. The dimension of the moduli space of k skyrmions 
is Ak + 2. Advantage of the noncommutative field description is demonstrated 
through the derivation of the effective nonlinear a model Lagrangian. 
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I. INTRODUCTION 



In recent years there have been much interests in the noncommutative field theories 
motivated by the low energy effective theory of the string theory in the presence of the 
string background field B^ v jIH- The noncommutative field theories have shown many 
interesting properties. Especially, non-commutative solitons have been suggested, which 
have quite different properties from those in the ordinary field theories WM- 

It has also been known in condensed matter physics that the electron system in the 
lowest Landau level in the strong magnetic field such as the quantum Hall system can be 
understood on the noncommutative space ||. Naturally many works deal with the quantum 
Hall systems in terms of noncommutative field theories P-fJ in a general setting. Moreover, 
it was presented in ]lO| , |ll| that the skyrmionic excitation on a sphere is the soliton in 
the noncommutative field theory. The presentation of the skyrmion is very suggestive but 
seems not manifest in terms of the noncommutative field theory, not to mention the dipole 
description. 

In this paper, we revisit the multi-skyrmions on the planar quantum Hall system near 
the filling factor v = 1, in the limit of vanishing Zeeman splitting energy. The energy 
of the system is bounded below. The way how the multi-skyrmion configuration in the 
lowest Landau level (LLL) saturates the energy is more intriguing than that in the full two- 
dimensional system. For the delta-function interaction, multi-skyrmion solutions saturating 
this BPS bounds are explicitly constructed. 

The quantum Hall system is also described in terms of the second quantized field theory 
where the electron states are projected to the LLL. Based on the Hartree-Fock approxima- 
tion, the system is constructed so that the potential is written in the manifest noncommu- 
tative form. 

In section 2, we review the single electron in the LLL using the coherent state represen- 
tation, emphasizing the noncommutativity coming from the projection to the LLL. We also 
introduce the *-product of functions that is convenient to deal with the noncommutative 
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properties of the LLL system. In section 3, in terms of the second quantized fields on the 
LLL with zero Zeeman energy, the microscopic multi-skyrmion ansatz is presented. For 
the system near v — 1 with delta-function interaction, the bound saturating BPS condi- 
tion is shown to be satisfied by the multi-skyrmion ansatz. According to the parameters of 
the explicitly constructed multi-skyrmion solutions, the dimension of the moduli space of 
k skyrmions is shown Ak + 2, corresponding to the 2k positions, k individual planar spin 
orientation, k sizes, and 2 the global spin axis(direction). 

In section 4, we reformulate the system using the *-product language to analyze the 
system studied in section 3. In section 5, we derive in two ways the low-energy effective 
field theory for the system: The 0(3) non-linear a model fl2|,13|, which describes the fer- 
romagnetic spin fluctuations in two-dimensions. Its topological excitation is known to be 
skyrmion [|14j]. The first method uses the traditional many-body methods based on the Lan- 
dau gauge. The second method uses the noncommutative field theory which employs the 
*-product. Comparing with the usual many-body approach, we point out the usefulness of 
the noncommutative field theoretic approach for the LLL physics. Finally, section 6 is the 
summary of our results. 



II. LOWEST LANDAU LEVEL SYSTEMS AND NONCOMMUTATIVE 

*-PRODUCT 

We start with brief review of a charged particle state in a strong magnetic field in terms 
of creation and annihilation operators. In the symmetric gauge, the magnetic field is given 
by the vector potential A x = —By/2, A y = Bx/2. We will choose the unit of magnetic 
length I = (hc/eB) 1/2 to be 1 in case of no confusion. In terms of the complex coordinates 
z = x + iy and z = x — iy, one can define two sets of oscillators: 

a = V2(d + z/A), a + = V2(-d + z/A) 

b = V2(d + z/A), b + = V2(-d + z/A) , (2.1) 
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where d (d)\s a holomorphic (anti-holomorphic) derivative satisfying dz — 1 (dz — 1) . 
The operators satisfy commutation relations, [a, at] = 1, [6, tf] = 1 and others mutually 
commuting. 

The Hamiltonian is described in terms of the first set of oscillators, a and a + , 

H = huo c (a + a + -) (2.2) 

where oj c = (m*c/eB) is the cyclotron frequency. The energy eigenvalues of the Landau 
levels (LL) are E n = hu c (n + 1/2) with n non-negative integer. 

Each LL is degenerate and the degenerate state is distinguished in terms of the second 
set of oscillators, b and b + , which describe the guiding center coordinates. Using the angular 
momentum operator L = 2(b + b — a + a) which commutes with the Hamiltonian [L, H] = 0, 
one may assign quantum numbers to the degenerate states: \n,l). Since L satisfies the 
algebra 

[L,b+]=b + , [L,b] = -b (2.3) 

one raises (lowers) the angular momentum using b + {b) within each LL. 

The lowest Landau level is the set of states with n — 0, which is killed by a. The wave 
functions are of the form of ip(z) = f(z)e~ zz ^ 4 with f(z) a complex analytic function that 
does not grow too fast. This analyticity is the difference from that of the excited states, 
where / is the arbitrary function of z and z, f(z, z), in general. 

The angular momentum eigenstate in the LLL as \l) — -^=b^ l \0) is given by 

(z\l) = = . Z% e~ z ~ z/ \ (2.4) 



This state forms thin shells of radius y 2(1 + 1) occupying an area 2n since it is normalized 
as (z\z) = l/2n. The orbital degeneracy of a given Landau level is thus = A/2ir, where 
A is the total area. 

Coherent state \(), on the other hand, is the most localized state in the LLL, which is 
defined as the eigenstate of the annihilation operator b as b\Q = C|C), or = ((\( . The 



explicit construction is given as |() = N c e^\0) where |0) = |0,0) is the vacuum state. If we 
choose the normalization constant = e - ^ / \/2n so that (CIC) = l/2vr, then the coherent 
state has the angular momentum component, 

<ClO = ^C'e-Kc. (2.5) 
V 27Tl! 

This allows one to identify the coherent state eigenvalue ( with the coordinate z for the 
LLL, 

c = 7r C " = ^T (2 ' 6) 

Therefore, the LLL can be represented using either the angular momentum basis or the 
coherent state basis. 

The LLL is the projection of the Hilbert space into a subspace. Any operator O acting 
on the larger Hilbert space of LL can be similarly projected out so that the projected op- 
erator denoted as O acts only on the LLL states. This projection is to put a-oscillators 
zero after normal ordering. For example, a plane wave operator e* p r = e 2l (:P z +P z ) — 
e iV2(pa+pai) e iV2(pbi+pb) becomes e -vv e iV2{ptf+ P b)^ where p = (p x + ipv y 2 anc i p = fa - ip y )/2. 

One may choose any basis for the projected operators or their matrix elements. Angular 
momentum basis is the simplest. \l)(m\ =: -ynb^ *'e~ b]l '-j=b m : ( : : is the normal ordered 



product). On the other hand, the coherent state basis provides a useful perspective for 
the non-commutativeness of the projected operators. The matrix elements of the projected 
identity operator with respect to the angular momentum states will be 5 mn . In the coher- 
ent basis, the corresponding delta-function for the projected identity operator will be the 
gaussian function : 

Y,(C\l)(l\C) = ^ ex P(-^N 2 - \\A 2 + \z*) = S(z,z'). (2.7) 

Note that b (tf) is realized as C (C)j an d each forms one-dimensional subspace. However, 
since b and W do not commute, the two dimensional space induces the noncommutativity 
and hence forms a noncommutative plane ||. 



It is well known that the multiplication of the non-commuting operators can be realized 
in terms of the *-product of the corresponding ordinary functions. The product of operators 
defined on the noncommutative space of b and b + is isomorphic to the ^-product of functions 
f(0- One way of realizing this isomorphism is to relate the normal ordered plane wave-like 
operators : e*( pfet+p6 ) : to the plane wave function e~*^ +p ^. For the operator defined by the 
Fourier transform |5|,|l0], 



Of(b, b + ) = J -0j-J(p,P) ■ e~^ b++ ^ : (2.8) 
the corresponding function f(z, z) is then given by 

/(CO = <C|0/(M + )IO = / ^-J(P,P)e- m+P °- (2-9) 
The isomorphism of the *-product 

d r 6 B = d fmg (2.10) 

is easily verified if the ^-product of functions is defined as 

(/*</) (CO = ^c7(c,cMC , ,C')lc=c- (2.H) 

If the function /(CO is defined in terms of the complex coordinates z and z, then using the 
relation Eq. ( |2.6|) we have 

(f*g)(z,z) =e 259 'f(z,z)g(z',z% =z ,. (2.12) 



This ^-product is called Q-product in [T(J. We will just call this ^-product. 

This ^-product enables one to write the expectation value of the product of operators 
simply in terms of the corresponding function 

(C\6 f ■ 6,|c> = (Clonic) = / * ^(C 0- (2.13) 

The noncommutativity of *-product of functions is due to the projection of the general states 
into the LLL. 



We remark by passing that one may define different relations between the operator and 
the function from Eq. ( |2.8| ), which results in a different form of ^-product. For example, 
by using the Weyl ordering rather than the normal ordering, one may have the so-called 
Moyal product where the front exponential factor in Eqs. fl2.l2|) will be given in terms of an 
antisymmetric form. In this article, Q-product is used since it gives the natural functional 
relation for the spin system in quantum Hall system. 



III. SKYRMION SOLUTIONS: THE BPS SOLITON 

We consider the quantum Hall system near v — 1 with zero Zeeman energy. In order 
to describe the many electron system in the LLL with spin degeneracy, we introduce \I/ 
operator which projects to the LLL, 

v = YSi,oW- (3-i) 

la 

The Hilbert space for this operator is the tensor product of TC^ and TC n , i.e. the LLL state 
and the occupation number states, respectively. The second quantized field operator ^ a (z) 
projected down to the LLL with spin a is written as 

= $>, <r\l, cj')c w = 5>IOcfcr . (3.2) 

I 

The second quantized operator c/ CT (c [a ) which annihilates (creates) electron in the Z th 
orbital with spin a satisfies the ordinary anticommutation relations 

{Cla, <W} = {cL C L'} = 

{ C l*, C ma>} = ^ImSaa'- (3.3) 

On the other hand, the field operator satisfies 

{^z),^(z f )} = {¥ a (z),¥ a ,(z')} = 

{V a (z),yi,(z')} = 6 aa ,5(z,z'), (3.4) 
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where the delta-function in z has the gaussian form in Eq.( |2.7| ), not the usual two dimensional 
delta-function, which reflects the projection to the LLL. To emphasize the projection to LLL 
we use only z and no z in \1> CT . 

The field operator ^ a {z) (^(z)) annihilates (creates) an electron with a spin a at 
position z in the LLL. However, this interpretation is to be reserved with the projected 
delta-function. Only the operator *&(z, z) (^^(z, z)) with the full fermionic annihilation 
(creation) operators C( n> /) CT (cLn^) to all states \(n,l),a) will satisfy the anticommutation 
rule with the true two-dimensional delta-function and hence will annihilate (create) the 
electron at the position (z, z). This projection results in the noncommutative space and also 
becomes the source of non-trivial electron excitation as we will see below. 

In terms of the field operators ^ a { z ) and W a (z), the Hamiltonian of the system is given 

by 

y=\Y.j d2z j d'z'V{\z-z'\)^{z)¥M)^A^M- (3-5) 

a,a f 

The ground state wavefunction for the completely filled v = 1 LLL system is given by 
l^o) = riz c ]t|0}j where all the spins are aligned parallel to each other. In the coordinate 
basis, it can be written by 

( Zl , .., z N \v ) = * v ( Zl , .., z N )\ TTTT •••!)■ (3.6) 

where \l/y is the Vandermonde determinant given by 

^ l/ = rj(^-^.)exp-SJ^I 2 /4_ (3.7) 

i<j 

In free theory, any combination of N states out of 2N states of any spin configurations 
will all be degenerate. The Couloumb interactions and the Zeeman splitting energy of the 
real system will lift the above tremendous degeneracy. In the exact v = 1 case, the ground 
state will still be the one in Eq.( |3.6| ). In the absence of Zeeman splitting, there still exists 
extra spin degeneracy of 25"^ + 1 with S tot = N/2. The system is called quantum Hall 
ferromagnet. The lowest energy charge carriers of the system are known to be skyrmions, 
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which are spin-texture states and are topological in nature. The following variational ansatz 



for the skyrmion wavefunction was proposed by Moon et al. [12 



v*=n 



(3.8) 



When \z\is smaller than A, spins tend to align to the —z direction. For \z\ ^> A, spins remain 
aligned to the z direction, and so the parameter A represents the size of the skyrmion. 

In terms of the angular momentum basis \m), this skyrmion wave function is in the form 

of 



\$;k) = ]J Om+fci+feT +7mi i )|0), 



(3.9) 



where k stands for the topological charge (winding number) of the skyrmion. Here k also 
represents the deficit of the number of electrons from the completely filled v = 1 state: 
k = N - N e . 

For the delta-function interaction: V(\z — z'\) = Vq5 2 (z — z'), the Hamiltonian of the 
system is given by 



V = Vb / d 2 2*{(2)*{(z)* T (z)*|(z) 



(3.10) 



This is a nonnegative operator with nonnegative energy for any states. We will show that 
the skyrmion wavefunction ip\ saturates the inequality bounds of the energy. That is, the 
skyrmion state satisfy the BPS condition of being annihilated by the interaction operator 
V: 



*l(z)* l (z)\il> x ) = 0. 



(3.11) 



We impose the above BPS condition to the general state |<&; k) with k — 1 and try to get 
the condition for a m and j m . By explicitly writing down the field operator ty a (z) in terms 
of Ci a , the annihilation condition can be written by 



^2$i(z)$ m (z)ciic m i\$;l), 



(3.12) 



l.m 



where $ m (z) = (z\m) is the angular momentum wavefunction in Eq. ( |2.4j) . The coefficients 
a m ,7 m should satisfy the following relations 

0Lm+1 = const. (3.13) 
y/m + 1 7 m 

We will calculate the spin profile of the state |$; 1) satisfying Eq. (|3.13|) . With the choice of 



the constant to be y/2e l9o /X, the expectation values of the spin operators in the state |<&; 1) 
are given by 



(&(z)) = (<&; l|*{(z)^(z)|<&; 1) = e-^-Y^ l7 m H$ 

^ m 

(£-(*)) = (<&; l|*{(«)* T (z)|<&; 1) = | 7m f |* B 



\|2 



1 k 

2 I A 2 



2 



1 £I7J 2 |M*)| 2 , (3.14) 

/ m 

where the coefficient 7 m is determined by the normalization condition: 7. 



m 

2 



+ 2(m + 1)/A 2 [ 15| . By normalizing the spin-density fields over the unit area 2ir£ 
and multiplying by a factor of 2 to make the magnitude of the spin 1 : m = 47r(S), the 
magnetization field m is given in the polar coordinates as follows 

2r 

m x (r) = — cos(6» + 6 )C(r) 
2r 

m y (r) = — - sin(# + 9 )C(r) 
A 

m z {x) = ^ - lj C(r), (3.15) 

where the function C(r) = 2TrJ2 m |7m| 2 |^m(£)| 2 - If we force to impose the normalization 
condition: |m| = 1, we can show that the function C(r) is equal to l/[(r/A) 2 + 1] and m 
agrees exactly with the classical skyrmion solution for the 0(3) non-linear a model |i~4"| . For 
example, with the choice of #0 — 0, the magnetization field m is given by 



2(x/X) , , 2 fa/A) . . (r/A) 2 - 1 

= WTT' m » (r) = " WTT' m = (r) = WTr (3 - 16) 



By calculating the function C(r) explicitly, one can obtain the following result 



C(r) 



(3.17) 



1/(1 + 2/A 2 ) for r -> 

(r/A)~ 2 for r > X,£ 

For large skyrmions: A ^> £, the function C(r) indeed agrees with the classical solution. 

However, for smaller ones, it deviates from the classical solution due to the strong quantum 



fluctuations leading to |m| < 1 [|T(J. We notice that the skyrmion size and the relative 
global spin orientations are determined by the choice of A and 9q, and the skyrmion energy 
is scale-invariant. 

In the complex position space, the states |$; 1) satisfying Eq.( |3.13| ) are in the form of 
in Eq. ( |3.8| ). Hence, ip\ is the exact skyrmion solutions of the system, being the minimum of 
the potential energy (V) bounded from below by 0. The most general form of the skyrmion 
with unit charge will be 

\ 



v*=n 



V 



#1 



(3.18) 



/ 



a(z m - £ 2 ) 

We have three complex parameters for the moduli. The parameter a is related to the 
background spin orientation of the skyrmion. The center of mass value £ c = (£1 + £2)/ 2 is 
related to the location of the skyrmion, while the difference A = (£1 — £2)/ 2 represents the 
size and the U(l) planar orientation. This can be easily seen from the fact that ipi can be 
written in the similar form as in Eq. ( p.8|) by making the spin rotation, 

\ 



v*=n 



v 



(3.19) 



/ 



A 

with respect to the globally rotated background spin. 

Now we want to show that the multi-skyrmions are indeed BPS solitons. The condition 
for the skyrmion to be a BPS soliton is that the multi-soliton solutions are also annihilated 
by the interaction V, Eq. ([3. HQ . We study the two skyrmion system. The following ansatz 
can correctly describe the two skyrmion system, where one skyrmion is located at z = a and 
the other at z = — a 



(z m - a)(z m + a) 
A 2 



\ 



v 



(3.20) 
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When a goes to zero, it reproduces a single k = 2 skyrmion wavefunction. For a 3> A, it 
represents two widely-separated skyrmions, whose size of each is about A 2 / (2a) and so it 
decreases with the distance 2a. As the distance 2a changes, the shape of the skyrmions 
are distorted. We will show that in spite of the distortions of the skyrmion shape, V still 
annihilates this two skyrmion state. We begin with the class of general states |<&; 2), which 
includes the two skyrmion states too 



$; 2) = J] (a m+2 c| ra+2T + /3 m cJ nT + 7 m 4 4 )|0). 



(3.21) 



m=0 



Through the similar procedure to the single skyrmion case, we obtain the following conditions 
for the coefficients a m , f3 m , and r y m 

1 a m+2 



m+l)(m + 2) 7n 



2d! 



(3.22) 



and 



7rr 



a>2, 



(3.23) 



where a\, a 2 are arbitrary complex constants. In the complex position space z, one can easily 
show that it is given by 



n 



V 



(3.24) 



which is the product of the Vandermonde determinant and the second order polynomials. 
One can generalize the two skyrmion ansatz to the multi-skyrmion ones, which can be 
written by 



fci fc 2 

!*;*> = IKE + E lm+l 4 +u )|o) 

m i=o 1=0 



(3.25) 



By imposing the BPS conditions to the above multi-skyrmion ansatz |IT|,[12| , the correspond- 
ing manybody wavefunction in the ^-space is written by 



= n 



(3.26) 



/ 
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which again shows that it is the product of \IV an d the polynomial functions. The functions 
f-\(z),fi(z) are polynomials of order k\ and k 2 , respectively. The zeros of the polynomials 
represent the positions of skyrmions, since the electrons are repelled by the zeros. Hence they 
describe the manybody skyrmion wavefunctions with the skyrmion number: k = max[ki, k 2 ]. 

Generically, the number of complex coefficients of fo{z), fi(z) are 2(k+ 1). One complex 
number is related to the normalization of the wave function. Hence we are left with 4k + 2 
real parameters for the mult i- skyrmions with skyrmion number k. Two real parameters 
from the ratio of the coefficients of z k powers in fi(z),f±(z) account for the global spin 
orientation in the asymptotic region. For the well separated skyrmions, the remaining 4k 
parameters can be nicely interpreted as follows : We associate 4 real parameters for each 
skyrmion with two real parameters for the position, one for the size and one for the U(l) 
orientation. This is consistent with the fact that the multi-skyrmions are BPS states with 
no interactioin energy. 

Since any order of polynomials of the above form is annihilated by V, skyrmion is the 



where V(\zi — z 2 \) is the Coulomb potential of particles at two points, z\ and z 2 . p(zi\z 2 ) is 
the spin summed density correlation 



BPS soliton. 



IV. THE *-PRODUCT REPRESENTATION OF THE POTENTIAL 



The potential energy of a state |$) is written as 




(4.1) 



(4.2) 



where the density correlation of a given spin configurations is defined as 



p(z 1 ;a l \z 2 ;a 2 ) = (^(z^l^z^ a2 {z 2 )^ ai ( Zl )) . 



(4.3) 



Here (• • •) represents the expectation value with respect to a certain state |<3>) 
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As shown in the section 3, one may consider the simplest delta-function interaction, which 
allows the existence of a skyrmion solution. The skyrmion solution is not very sensitive to 
the shape of the potential and non-locality. So, we will replace the Coulomb potential 
V(\zi — z 2 \) with a delta-function type potential and consider the skyrmion system in the 
noncommutative formalism 

V(\z 1 -z 2 \) = V 5 2 (z 1 -z 2 ). (4.4) 

The delta-function interaction simplifies the spin configuration, since o\ and a 2 con- 
tributes only when the two are different. Then the potential energy in ( |4.1|) is written 

as 

V = yJ d 2 z p( Zl \z 2 )\ Zl=Z2=z (4.5) 

We will carry the index {zi, z 2 } of the density correlation to avoid the possible confusion in 
the future. 

Now the essence of the projection of the system to the LLL lies in the density correlation 
operator (|4.3|) where the fermion operator is decomposed in terms of the LLL states only. 
Therefore, to contrast the projected system with the full two dimensional system we use the 
*-product to the correlation as 

P(z 1 ;a 1 \z 2 ;a 2 ) = («(si)*t,(*0) * OM^^i))) • (4-6) 

The *-product provides a convenient way of book-keeping of the evaluation of operators, 
which reminds one of using the lowest Landau level. What makes this *-product useful 
lies in the possibility of presentation of the *-product in terms of functions corresponding 
to this formal fermion operators. Then, this ^-product will provide a very simple way of 
finding an effective potential for small fluctuations such as magnons with respect to a certain 
background state. 

The second quantized fermion operator cannot be simply represented in terms of func- 
tions but its expectation value. To do this, we start with the Hartree-Fock approximation 
of the density correlation using the Wick theorem 
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p(zi, (J\\z 2 \ cr 2 ) = 47r 2 cri |^ 2 ; 02) - o\\z 2 \ cr 2 )] , (4.7) 

where ^(^i; o"i|-2 2 ; cr 2 ) and <J\\z 2 \ cr 2 ) are direct and exchange terms of the given spin 
configuration respectively and are defined as 

d(z 1 ;a 1 \z 2 ;a 2 ) = (¥ ai ( Zl )^ a ^)) (^U^ M) / ^ 2 

x{z 1 ;a 1 \z 2 ;a 2 ) = (^ i ( 2l )^ 2 (^))(^ 2 (z 2 )^ 1 (^i))/47r 2 , (4.8) 

where the factor of 1/47T 2 is attached since (z\z) is normalized as l/2n. The potential 
Eq. ( [4.4|) becomes 

V = 4ttV J d 2 z [d(z i; t \z 2 ; |) - x{z x] ] \z 2 ; |)] \ Zl=Z2=z (4.9) 

due to the spin exchange symmetry of the potential. One may consider the up-down spin 
configuration only as far as the potential is concerned. However, since this formalism is to 
be extended to other physical quantity such as effective potential, it is desired to consider 
all the spin configurations together. 

The H-F potential is evaluated in the projected space and therefore, this can be written 
in terms of the *-product. To find the functional structure of the projected space one defines 
operators, D and X corresponding to the functions d and x, which live only on the projected 
space \zi) <S> \z 2 ) 

d{zi\z 2 ) = d(zi, ai\z 2 ; cr 2 ) 

0"1,0"2 

= (zi\ ® (z 2 \ D \zi) <g> \z 2 ) 
x{zx\z 2 ) = x {zi, cnW, cr 2 ) 

Cl,CT2 

= (zt\ ® (z 2 \X \zi) ® \z 2 ) . (4.10) 
Let us evaluate this D and X operators explicitly for |$), 

\&,k) =n( a m + fci +fcT +7mi i )|0) (4.11) 
m 

corresponding to the simplest skyrmion configuration ansatz with topological charge k. D 
and X operators are expressed as the spin summed operators: 
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£>=£A™> x=J2x aia2 . (4.12) 



<T1<T2 CT1CT2 



The operator with given spin can be evaluated. We give explicit representation for up-down 
spin configuration here. 

D U = E^ T) <H> \m i)aa m aa m (l t I <8> (m j | 

^Tl = E K T) ® l m l)"«7m a m+k 7i-k{m + kl\®{l-kl\ (4.13) 

a is the complex conjugate value of a. 

This .D and X operators allow one to incorporate the *-product easily. For example, the 
direct term D is written as 

D = P P (4.14) 

where 



Po= E P o ia2 • (4-15) 

CT1CT2 

For the up-down spin configuration we have 

^o n = EHn)<m)®(7ml|m)<m||) 

= Ed* t) ® |m i))a, 7 m«Z T | ® (m | |) , (4.16) 

and Po is the hermitian conjugate. This direct term is written in terms of the diagonal 
projection operator only. The exchange term X, however, needs off-diagonal operator, 



X = P Q k (4.17) 



where 



Q k =Y,QT 2 - ( 4 -!8) 



and 



Ql l = EG' t) ® |m |))a m+fc 7_ fc ((m + k T | <8> <Z - k j |). (4.19) 

l,m 
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Now it is clear that the H-F potential is written in terms of the *-product of the function 
corresponding P and Q, 

d(z 1 \z 2 ) =p *Po {zi\z 2 ) = e 28 ^e 2 ^ P o{zi\z 2 ) Po(^l4) 

x{ Zl \z 2 ) =p *q k {zi\z 2 ) = e 2 ^e 2 ^ P o(zi\z 2 ) q k {z\\z' 2 ) . (4.20) 

where ^-product is generalized into 2 coordinates from Eq. Q2.12 ). 
Of course, p and q^ are defined as 

Vq{z^\z 2 ) = (zi\ <g> (z 2 \ P \zi) <g> \z 2 ) 

qk(zi\z 2 ) = (zi\ <g> (z 2 \ Q k \zi) <g> \z 2 ) . (4.21) 

Each function contains the spin sum. For the spin up-down configurations, we have the 
following explicit form, 

PoOi T \z 2 I) = ^lailm\{zi\l)\ 2 \{z 2 \m)\ 2 
i. m 

qk(zi T \z% I) = a m +kli-k(zi \l}(z 2 \m) (m + fc|^i)(Z - k\z 2 ). (4.22) 

l,m 

Now the H-F potential energy, Eq. ( [4.7|) is written as 

V = 4ttV / d 2 *Po * (po - 9fc) («|*) (4-23) 

The potential energy has to be semi-positive definite. So, the minimum of the H-F 
potential is obtained when (p — qk){z ] \z {) = 0. The solution of this condition is given as 



— \7T^ = const - ( 4 - 24 ) 
This is the same BPS condition for the one skyrmion given in Eq. ( p. 13 ) from the BPS 
equation in Eq. Q3.11 



^(z)¥ T (z)|*)=0. (4.25) 

Hence, the skyrmion saturates the energy bound and is the BPS soliton. From the non- 
commutative view point, the skyrmion is the non-commutative soliton. The solution has 
the topological charge k if the coefficient satisfies the unitarity condition, 

\a l+k \ 2 + \ lt \ 2 = 1. (4.26) 
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V. NON-LINEAR a MODEL: MANYBODY VS NONCOMMUTATIVE FIELD 

APPROACH 



We derive the low-energy effective field theory for the v = 1 quantum Hall system 
using the |X)-basis obtained from the Landau gauge: A x = 0, A y = Bx. The real space 
wavefunction in this gauge is given by 

$ x ( r ) = 1 e »M e -(*-*) 2 /2 (5.1) 



where X = k y is the guiding center coordinate and L y the length of the y-dimension. The 
|X)-basis is most convenient in dealing with the ^-directional degrees of freedom, while the 
|m)-basis is for the radial degrees of freedom. The Hamiltonian in the |X)-basis is given by 

^ = ^E E Vx 1 x 2 x 3 x 4 J Xia c j X2a ,cx 4 a>c Xa * (5.2) 

(T,(T f X\ ,X^ ,-^4 

where 

V Xl x 2 x 3 x 4 = J d 2 z, J d 2 z 2 V(\ Zl - 221)^(^1)^(^)^X4(^)^,(^1). (5-3) 



We use the following variational wavefunction for the system [|12 



|*> = n^oa S ffi + 4 i «n^ e W)|0>. (5.4) 

X 



Since the state couples only the same X-orbitals in the spin up and down states, it does 
not include charge fluctuations. The energy expectation value for the state is given by 



v = (*\vm = \'Z E v XlX2X3 x 4 



(c Xl a C X 3 a)(c X2IT >C X4al ) - (cj^Cj^) (4 2 a' C X 3 a) 



(5.5) 



One can obtain the following energy functional V(m) in terms of the local magnetization 
field m(X), 

V(m) = ^ E {^-^(l + m(X 1 )-m(X 2 ))}, (5.6) 



Xl,X2 
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where Vd stands for the direct interaction energy Vx 1 x 2 x 3 x 4 and Ve the exchange energy 
Vx 1 x 2 x 3 x 4 ,- We calculate Vd and Ve for the case of the delta- function interaction: V(\zi — 
z 2 1) = Vq5 2 (zi — Z2), one can obtain 

V D = V E = V [ dPz \$> Xl {z)\ 2 |$x 2 {z)\ 2 = -^-Le-^) 2 /*. (5.7) 

Putting in Vd and Ve, we obtain the following energy functional for the delta-function 
interaction 

w>__ 

As is clearly shown here, although we started with the local delta-function interaction, our 
final energy functional becomes non-local, which is due to the non-trivial dynamics at the 
LLL space. 

Assuming that the magnetization m(X) varies smoothly over the magnetic length I, one 
can make a gradient expansion and obtain 

Extending the above result to include the two-dimensional spin fluctuations, we finally obtain 



E(m) = -^=y ^ e"( M2 ) 2 / 2 (l - m(X 1 ) ■ m{X 2 )). (5.8) 



the following 0(3) non-linear a model [1131112 



V(m) w l - Ps J dr (Vm) 2 , (5.10) 

where the spin stiffness p s is given by Vo/(167r 2 ). The topological excitation of the non-linear 
a model is known to be skyrmion excitation |]14 |. In section 3, we described the microscopic 
skyrmion ansatz using the angular momentum basis \m) and showed that they are the exact 
BPS solitons of the system in the case of the local delta-function interaction. 

The above effective nonlinear a model can be obtained from the noncommutative field 
theory. Suppose most of the spins are down and small perturbation for the up spins around 
the trivial vacuum: ai << 1, and 7 m = 1 for k = 0. Then 
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<?o (zi T \Z2 I) = ^a m {zi\l){z 2 \m){m\z 1 ){l\z 2 ) . (5.11) 

l,m 

Po is the function of Z\ only and 

9igo(^iTk 2 !)| 2l =, 2 = 2 = (5.12) 



since 



d 1 q a {z 1 1 1^2 !)L=*a = X] a m^((^IO( m k))(^l m )(^) 

= £a m (<9(z|/)(m|z)(2;|m)(/|2;)) - ^ a m (z|Z)(m|2:)<9((2:|m)(Z|2:)) 

= E !^ 9 «*NH*» - I>m<*IOH*>(-| + ^){z\m)(i\z) 

m l,m 

= ^2^1d((m\z)(z\m)) -J2a m (z\l)(l\z)d((z\m)(m\z)) 

m ZTC l, m 

= 0, (5.13) 

with ^2i(z\l) (l\z) = (z\z) = l/(27r). Now, the H-F density correlation becomes, 

p(z\z) = 4ir 2 p * (po - q )(z 1 \z 2 )\ Zl=Z2=z 

= ^ 2 e 2B ^e 2B ^{ Zl \z 2 ){p Q - q ){z[\z' 2 )\ zl=Z2=z[=zl - z 

^ 87T 2 (9p n )(9p n ) (5.14) 

where we use p (z\z) = q (z \ z) and the derivative expansion for the long- wave length scale. 
In addition, the magnetization m + (z) = 2(^(z)^ ^(z)) is expressed as 

m+(z) = 2(^+(z)^ l (z)) = 47r^a ; |^|0| 2 = 8n 2 p (z\z) . (5.15) 

i 

Therefore, we have the effective potential for the magnon field, 

V ^ J d 2 z{dm + dm_) . (5.16) 

If one considers all the spin configurations, one has the nonlinear a model for the effective 
action, 
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dr 4 (dm ■ dm) = — dr (Vm) 2 



2 J 



(5.17) 



with the spin stiffness p s = Vo/(167T 2 ) and the magnetization vector m normalized to 1: 



We considered the quantum Hall system near the filling factor v — 1 with the negli- 
gible Zeeman splitting energy. This system possesses skyrmion collective excitations when 
projected to the LLL with the Coulomb repulsion among electrons. Since its presence is 
insensitive to the exact form of the potential, we replace the Coulomb interaction with the 
delta-function interaction. 

We obtain the multi-skyrmion solutions, which are shown to be the exact BPS solitons. 
The system of skyrmions with total topolocal charge k has 4k + 2 moduli parameters. Two 
parameters correspond to the global background spin orientation. For the well separated 
skyrmions, four parameters can be associated to each skyrmion: two for the location, one 
for the size, and one for the U(l) orientation. This is consistent with the fact that they are 
BPS states. 

The quantum fluctuation of the many electrons at LLL can be described with the nonlin- 
ear a model, which is derived using the traditional many-body approach. On the other hand, 
since the system is projected to the LLL, one can study the system using the noncommuta- 
tive field theory approach. After writing the Hamiltonian in terms of the noncommutative 
field theories, we explicitly solve the BPS conditions for the excitation spectrum. We also 
derive the low energy effective nonlinear a model action from the Hamiltonian through 
the *-product representation. We have seen that this noncommutative field approach gives 
clear insight into the property of the projection as well as simplicity of the derivation and 
therefore, becomes complementary to the many body approach. The noncommutative field 
theory provides another natural and powerful framework in dealing with the physics of the 



ml = 1 . 



VI. SUMMARY AND DISCUSSIONS 
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LLL states. Other physical properties of the LLL system based on this language are under 
investigation. 

Acknowledgment BHL and CR would like to thank YVRC(Yonsei Visiting Research 
Center) for the warm hospitality where a part of this work has been carried out. We 
acknowledge financial support from the Basic Research Program of the Korea Science and 
Engineering Foundation Grant No. 1999-2-112-001-5. The work of BHL is supported in part 
by BK21 Project No. D-0055. 



21 



REFERENCES 

[1] N. Seiberg and E. Witten, JHEP 9909, 032 (1999). 

[2] M.M. Sheikh- Jabbari, Super Yang-Mills Theory on Noncommutative Torus from Open 
Strings Interactions, |hep-th/9810179 . 



[3] See for example, B.-H. Lee, K. Lee, and H. S. Yang, Phys.Lett. B 498, 277 (2001); D. 
Bak, Exact Solutions of Multi- Vortices and False Vacuum Bubbles in Noncommutative 



Abelian Higgs Theories, [hep-th / 0008204] ; D. Bak, K. Lee, and J.-H. Park, Noncommu- 



tative Vortex Solitons, |hep-th/0011099| ; G.S. Lozano , E.F. Moreno, F.A. Schaposnik, 



JHEP 0102, 036 (2001); G.S. Lozano, E.F. Moreno, F.A. Schaposnik, Phys. Lett. B 
504, 117 (2001); A. Khare, and M. B. Paranjape, JHEP 0104, 002 (2001); J. Harvey, P. 
Kraus, and F. Larsen, JHEP 0012 (2000) 024; D. Gross and N. Nekrasov, JHEP 0103, 
044 (2001) and work cited therein. 



[4] R. Gopakumar, S. Minwalla, and A. Strominger, Noncommutative Solitons, [hep- 
th/0003160| 



[5] See, for examples, S. M. Girvin and T. Jach, Phys. Rev. B 29, 5617 (1984); G. V. Dunne, 
R. Jackiw, and C.A. Trugenberger, Phys. Rev. D 41, 661 (1990); N. Read, Phys. Rev. 
B58, 16262 (1998). 

[6] D. Bigatti and L. Susskind, Magnetic fields, branes and noncommutative geometry, 
|hep-th/990805€ 



[7] S. S. Gubser and M. Rangamani, D-brane Dynamics and the Quantum Hall Effect, 
|hep-th/0012155 . 



[8] L. Susskind, The Quantum Hall Fluid and Non-commutative Chern Simons Theory, 
|hep-th/0l0TU2^|. 



[9] Y.S. Myung and H.W. Lee, Noncommutative spacetime and the fractional quantum 
Hall effect, |hep-th/ 99 11031 . 

22 



[10] V. Pasquier, Skyrmions in the Quantum Hall effect and noncommutative solitons, |hcp- 
| th/000717q 

[11] V. Pasquier, An exact correspondence between Quantum Hall Skyrmions and non linear 
a-models, |hep-th/00l22U7| . 



[12] K. Moon, H. Mori, Kun Yang, S.M. Girvin, A.H. MacDonald, L. Zheng, D. Yoshioka, 
and Shou-Cheng Zhang, Phys. Rev. B 51, 5138 (1995); K. Moon, J. Korean Phys. Soc. 
35, S35 (1999). 

[13] S. L. Sondhi, A. Karlhede, S.A. Kivelson, and E.H. Lezayi, Phys. Rev. B 47, 16419 
(1993). 

[14] R. Rajaraman, Solitons and Instantons, North Hollands, Amsterdam (1982). 
[15] A.H.MacDonald, H.A. Fertig, and L. Brey, Phys. Rev. Lett. 76, 2153 (1996). 
[16] K. Moon and K. Mullen, Phys. Rev. B 57, 14833 (1998). 



23 



